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We will prove that for every colouring of the edges of the Rado graph, & (that is the countable
homogeneous graph), with finitely many colours, it contains an isomorphic copy whose edges are
coloured with at most two of the colours. It was known [4] that there need not be a copy whose
edges are coloured with only one of the colours. For the proof we use the lexicographical order on
the vertices of the Rado graph, defined by Erdds, Hajnal and Pésa.

Using the result we are able to describe a “Ramsey basis” for the class of Rado graphs whose
edges are coloured with at most a finite number, r, of colours. This answers an old question of
M. Pouzet.

1. Notation

All graphs & under consideration will consist of a set V(%) = G of vertices
together with a symmetric and reflexive binary relation ~. If z~y we will say that
the vertex x is adjacent to the vertex y. If the vertex x is not adjacent to the vertex
y we write ¢ y. The set of pairs {z,y} such that z~y and z#y is the set of edges
of ¥. Note that {z,z} is not an edge of ¥ although z~z for all x € G. For a€ G
the set of neighbors of a is denoted by I'(a)={bcG: a~bAa#b}.

The Rado graph R = (w;~) is the unique countable graph with the property
that for every finite graph ¢ = (G;~), vertex ¢ € G and embedding a: % —a— R
there is an extension of the embedding « to an embedding o/ : ¢ — R. (A good
source for facts on the Rado graph is [1].) This defining property of the Rado graph
is called the mapping extension property; it implies that if F is a finite subset of w
and S C F then there are infinitely many vertices z € w such that z is adjacent to
every vertex in S and not adjacent to any vertex in F'— 5.

Let R =(w;~) be the Rado graph. A pair (F;z) with FU{z}Cw, 2¢ F and
F finite is a type of R, and the orbit of the type (F;z) is

Orb(Fiz)={ycw~F:VzeF (z~z & 2~79)}
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Observe that that z € Orb(F;z) and Orb(0;z) =w. It follows from the definition
that

Yy € Orb(F;z) (Orb(F;z) = Orb(F;y)).

Note that for a €w we have Orb({a};z)=I'(a) or R—(I'(a)U{a}) according as a~z
or atz. If the vertices y and z are both elements of Orb(F';z) we say that y and
z are of the same type over F. The types (F;z) and (G;y) are disjoint if FNG =0.

Let ¥ be a countable graph and a a vertex of ¢ and o= (0¢,01,09,...) a finite
or infinite sequence of vertices of §. We define lex(a,0), the lexicographic value of
the vertex a with respect to the sequence o. If the vertex a is an element of the
sequence o and j is the smallest index such that a=o0; then lex(a,0) is the sequence

(g:1<j) such that

= 1 ifa~oy,
710 ifaio;.

Note that the sequence lex(a,o) has a “1” in the j-th place because a is adjacent
to a. If the vertex a is not an element of the sequence ¢ let o’ be the sequence
obtained from the sequence o by adding the vertex a as its last element. (We will
use this only when ¢ is a finite sequence; although, the definition has an obvious
interpretation for sequences of any order type.) Then lex(a,o)=lex(a,c").

For sequences 0 =(0;:1€v) and 7= (7;:1 €v), we write 0 <7 if and only if ¢
lexicographically precedes 7. The sequence {g;:1€v) is an extension of the sequence
(0;:1 € p) if the ordinal p is less than or equal to the ordinal v. The sequence
(6;:1€ p) is a subsequence of (0;:1€v) if there is an order preserving injection o
from 4 into v such that Vi€ p (6;=04(;)). We will only use sequences (o;:i€v)
of distinct vertices of ¥, Vi,j € v (i # j — 0; # 0;). The function o1 is then well

defined on the range of o. It follows easily from the definitions that if a sequence
o’ of vertices of ¥ is an extension of the sequence o and lex(a,o) < lex(b,o) then

lex(a,0’) <lex(b,0’). We will also need the following consequence of the definitions.
Let 0 = (0; : 7 < n) be a finite sequence of vertices of ¥ and let ¢/ = (0;:1 < n)
be an extension of & with g, a vertex of %. If ¢ € G is not an element of ¢’ and
lex(a,0) = lex(on,0), then a # oy, implies that lex(a,o’) < lex(on,0') and a ~ oy,
implies that lex(a,o’) > lex(on,0’).

Let R = (w;~) be the Rado graph and let o be any permutation of w. Thus
(¢0,01,...) is an enumeration of the vertices of X . Define an order relation <, on
w by

a <g b & lex(a,0) < lex(b, o),
We call <, a lezicographic order, and denote the structure (w;o,~,<s) by 5. Re

is called a lexicographically ordered Rado graph. The order <, defines a partition
of the set of edges of R, E=E(<s)UE(>4), where

E(<o) ={{oi,05}:i<jAhai~0; Aoy <5 05},
E(>o) ={{oi,0j}:i<jAhoj~a; Aoy > 05}
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Let ¢ and 7 be two permutations of w. An embedding of R into R, is a map
o*:w—w induced by a strictly increasing map o:w—w via a*(7;) =04(;) such that

Vi, j € w(Ti ~T e Ta(i) ™ Oa(y) AT <p T & Ta(s) <o Ua(]))

Thus ™ is an injective map from R, into K, which preserves the graph structure,
the order of enumeration and the lexicographic order. We denote by a*(R;), the
copy of R in Ry i.c. the restriction Ro[{04(;) i €w}. Note that o*(E(<s) C
E(<4) and o*(E>;)CE(>4). Although R, depends upon o, it will turn out, as a
consequence of Lemma 7, that any two lexicographically ordered Rado graphs are
equimorphic; that is, there are embeddings from each one into the other. A type of
Rs is a type of the underlying Rado graph = (w;~).
We shall not use the fact, but it is interesting to observe the following fact:

<¢ is a dense linear order on w without a maximum or minimum.

Proof. Let a=0; and b=0; be two vertices of R such that a <, b. Because of the

mapping extension property there is a vertex ¢= oy, € w such that m > max{s,j}
and for k <max{¢,7}

c~op e k<iNan~ oy

Clearly lex(a,0) <5 lex(c,0) <4 lex(b,0) and hence a <q ¢ <5 b. Similarly it can be
seen that there is no <, maximum or minimum. |

Let T be a set and < an order relation on T. For sets A, BCT we write A< B
if, for all a€ A and all b€ B, a<b holds. Of course a<b if a<b and a#b.

Assume that o and 7 are two permutations of w. We will write
(1) Ro — (Rf)f

to mean that for every colouring f of the edges of E(<,) with r colours there is an
embedding a* of X into Ry such that f is constant on o*(F(<;)). The relation

(2) Reo — (‘%7)5

is defined in a similar way for colourings of F(>,).

If the edges of the lexicographically ordered Rado graph &, are coloured with
two colours ¢g and ¢; (not necessarily different) such that every edge in F(<,)
is coloured with colour ¢p and every edge in E{>,) has colour ¢y then this edge-
coloured Rado graph is called a basic coloured Rado graph or, more precisely, a
basic (cp,c1)-coloured Rado graph. The colouring of a basic coloured Rado graph is

a basic colouring. From a set of r colours there are r2 basic colourings of the edges
of R;. We wish also to be able to speak of a basic coloured Rado graph & = (w;~)
in the case where the vertices w of £ are not ordered. All we mean by this is that
there exists a permutation ¢ :w — w such that the colouring of the corresponding
lexicographically ordered Rado graph R, is a basic colouring,.
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2. Introduction

In [2] S. Todorcevic describes several results of the following nature. “Given is
some structure A and a mapping f defined on some cube A" or [A]” of A and we
need to find a large B C A where the behavior of f is as simple as possible”. For

example there is a function f from [Q]2 to 2 such that for every order isomorphic
copy Qg of Q in Q, |f([Qo]?)|=2. On the other hand, for every 7 €w and function

f from [Q]? to r, there is a copy Qg of Q in Q such that |f([Qo]?)| <2. This is a
famous unpublished result of F. Galvin, see [3]. In the present paper we present a
similar result for the Rado graph. Our main result, Theorem 5.2, says that if R,
and R, are two lexicographically ordered Rado graphs then the relations (1) and
(2) hold. This implies that if the edges of & are coloured with r colours, then &
contains an isomorphic copy in which the edges have at most two colours.

Let & = (w;~) be the Rado graph with € the identity permutation on w and
R = (w;e,~,<¢). It has been noticed by Erdds, Hajnal and Pésa in [4] that

R+ (ﬂ)% For completeness sake we will prove this assertion which follows from
the next lemma because every countable graph can be embedded into the Rado
graph, (see [1]).

Lemma 2.1. The Rado graph R does not contain a complete bipartite graph K, ,,
with all its edges in E«_ or all its edges in E~_.

Proof. Let A={(a;;i €w) and B = (b;;i € w) be two disjoint sets of vertices of R
such that for all ¢,j €w the pair (a;,b;) is an edge but the pairs (a;,a;) and (b;,b;)
are not edges of R.

Case 1: All the edges of the bipartite graph (A, B) are elements of E,. Let o be
the sequence 0,1,2,...,ap—1. Let n €w be such that for all 1 €w with b; >ag the
sequence lex(bp,0) is maximal in the lexicographic ordering. There is m € w such
that by < am. The edge (bn,am) € F«, and by, is, but ap, is not adjacent to ap.
This implies that lex(a;,,0) is strictly larger than lex(by,o) in the lexicographic
ordering. There is | € w such that am, < b;. This implies that lex(b;,0) is larger
than or equal to lex{am,,o) in the lexicographic order and hence strictly larger than
lex(bn,0) contrary to the choice of n.

Case 2: All the edges of the bipartite graph (A, B) are elements of E~,. Let o be
the sequence 0,1,2,...,a90—1. Let n €w be such that for all ¢ € w with a; >ap the
sequence lex(bp,o) is minimal in the lexicographic ordering. There is m € w such
that an < by,. The edge (an,bm) € E>, and an is not, but by, is adjacent to ag.
This implies that lex(by,,0) is strictly smaller than lex(ay,o) in the lexicographic
ordering. There is | € w such that by, < q;. This implies that lex(a;,o) is smaller
than or equal to lex(bn,,o) and hence strictly smaller than lex(an,o) contrary to
the choice of n. [
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Lemma 2.2. The vertices of every finite graph % have an ordering o =
(eg,a1,...,an—1) such that whenever 0 < i < j < n then lex(a;,0) is smaller than
lex(a;,0) in the lexicographic order. Also, the vertices of every finite graph % have
an ordering o ={ag,a1,...,an—1) such that whenever 0<i<j<n then lex{a;,0) is
larger than lex(a;,0) in the lexicographic order.

Proof. By induction on n. Choose any vertex of & for ag. Then order the vertices

not adjacent to ag to obtain the sequence ag,ay,...,a; for some i <n. Then order
the vertices adjacent to ag and concatinate with the sequence ag,ay,...,q;.

To prove the second statement choose any vertex of % for ag. Then order
the vertices adjacent to ag to obtain the sequence ag,aq,...,a; for some ¢ < n.
Then order the vertices not adjacent to ag and concatinate with the sequence
ap,al,...,a;. [ |

Lemma 2.3. If% is a finite graph then there is an embedding o from % into R such
that all of the edges of a(¥9) are in E._ and an embedding 8 from % into R such
that all of the edges of (%) are in F-, _.

Proof. Order the vertices of % into a sequence ¢ = (ag,a1,...,ap—1) such that
whenever 0 <i<j<n then lex(a;,0) is smaller than lex(a;,0) in the lexicographic

order. Choose an arbitrary image a(ag).

Assume a(ag) <afai)<---<a(a;) has already been determined. According to
the mapping extension property of & there is an element m € w such that a(a;) <m
and if [ <a(a;) with [~m then there is j <n such that aj~a; 1. Put afa;11)=1.
It is easy to see that the embedding « so constructed has the required properties.

To construct the embedding 5 change the construction above apropriately. i

Using the fact that every countable graph can be embedded into the Rado
graph the following theorem follows easily from [4, Theorem 1]: If the edges of the
Rado graph R are coloured with two colours red and blue and there is a finite graph
& such that every copy of % in R contains a blue edge then there is a copy of R in
R which has only blue edges.

This theorem is a consequence of (1) and (2) and hence of Theorem 5.2 as
follows. Colour the edges of R red and blue and assume that there is a finite graph
% such that every copy of ¥ in R contains a blue edge. Using (1) there is an
embedding o from R, into R, such that a(F<_) is monochromatic. Applying (2)
to this copy a(R) we obtain an embedding 3 from R, into R. such that 3(E<,)
and B(E-,) are monochromatic. The graph % can be so embedded into 3(R) such
that all of the edges of this embedding are edges of 3(E.) and so that all of the
edges of the embedding are edges of 3(F~_). This implies that both sets of edges
B8(E<,) and G(E>,) are monochromatically blue and hence that all of the edges of
B(R) are blue.

Another way of looking at our result is provided by Theorem 5.3. Assume that
f:w]? - r€uw is a colouring of all the two element subsets of vertices of ®. Then

R contains an induced copy Rg of itself such that |f([Rg]?| < 4. In fact, we can
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precisely specify a partition of {RQP into four sets, on each of which f is constant.
These are

Sy ={(0i,04) 1 04,05 ERg Ny ~ 05 Aoy <e 05 Aoy <g 05 Aoy < 05},
52={(0’i,0j)20i,0j Eﬂo/\aiwoj/\()’i <e 05 N0y <g 05 N0 >0’j},
S3 = {(O'i,o]'):ai,aj GRO/\air;Caj/\ai e 0j N0y <g 05 AT <0'j},
S4={(04,0) 1 04,0, ERog Ny 4 0j Ny <c 0 ATy <g 05 N3 > 05},

where ¢ is an w ordering of Rq.

Let R, be the set of all Rado graphs defined. on w with edges coloured with at
most 7 colours. For &, ¥ € R, an injection a: R — & is an embedding if it respects
the adjacency relation and the colour. If there is an embedding from R to & we will
write R =&, and R /¢ denotes the negation. The coloured Rado graphs & and &
are equimorphic if R =S NS — K. Note that the equivalence classes of equimorphic
coloured Rado graphs of R, form a partial order under —. The subset B, C R, is
a Ramsey basis of R, if

VReR, 3BeB, (B—R) and VR,V €B, (R#Y¥ >R A ).}

Obviously, this definition of a Ramsey basis of the set of coloured Rado graphs
can be generalized to other relational structures. For example, in the set of all
countable complete graphs whose edges are coloured with r» € w colours, the r
monochromatically edge coloured complete graphs form a Ramsey basis.

M. Pouzet asked to find a Ramsey basis for R, ordered by —, and Theorem 5.4
answers this question. Note that knowledge of such a basis provides complete
information for an understanding of the edge partition problem of the Rado graph.
For r €w and every pair cg,c; €7 with cg<cy, choose a (cp, ¢1)-coloured basic Rado
graph '%(60,61)' Theorem 5.4 says that the set B, ={$(CO’CI)IC(),01 €rAcg<ci}isa

Ramsey basis of the set R,. In the case of Rado graphs with edges coloured red and
blue, we know from the example in [4] that there are more minimal elements under
embedding than the monochromatic ones. It follows from Theorem 5.4, that the
two monochromatically coloured Rado graphs together with a (red, blue)-coloured
basic Rado graph form a Ramsey basis. Hence every edge coloured Rado graph,
using colours red and blue, either contains a copy of the Rado graph in which all
edges are coloured red, or a copy in which all edges are coloured blue, or a (red,
blue)-coloured basic Rado graph.

3. Scattered sets

In this section o denotes a fixed permutation of w and R, is the corresponding
lexicographically ordered Rado graph. As usual, for ¢ € w and F C w we denote

by o~ !(a) the index i such that a = ¢; and o 1(F) = {¢~!(a) : a € F}. Put
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& = {lex(a,0):a € w}. Note that the elements of & are finite 0,1-sequences which
end in the number 1 and that the function lex(x,0) is a bijection from w to §. For
two elements g and 1 of & we write eg Ce; if €1 is an extension of the sequence
€0, and for € € & we define ext(e) = {§ € §:¢ C 6}. Pulling this notation back to
w we define a C b for a, b € w, to mean that lex(a,o) C lex(b,0), and we define
ext{a) ={bew:ab}. It follows from the definition of T that a Eb if and only if

the vertices a and b are of the same type over the set {0;:i<o~!(a)} and a~b.
We define an ideal F of subsets of w. The set SCw is small if

Va€w3bJda (ext(b)N S = 1),

and J is the set of small subsets of w. A subset of w which is not small is large, and
we denote the set of large subsets of w by £. Note that LeX if and only if

Ja € w Vb Ja (ext(b) N L £ 0).

Remark. Note that ext(a) €£ for any a € w. Also, if a set L Cw is dense in the
order <., then it is large. Is it true that a set L is large if and only if L contains a
< s-dense subset, in other words are the small sets just the <,-scattered sets?

Lemma 3.1. Every finite subset of w is small.

Proof. Note that if 3y then o7 1(z) > 67 1(y). Let F C w be finite and let
a €w. There are infinitely many z €w such that £ Ja. Hence there is a bJa with

o 1(b)>maxo~}(F). Then ext(b)NF=4. |
Lemma 3.2.  is a proper ideal.

Proof. Let TCS € and let a €w. Then there exists bJa such that ext(h)N.S =0
which implies that ext(b)NT =0, and hence T €.

Let S,T €J, and let a € w. Then there are b, ¢ € w such that ¢ Jb2Ja and
ext(b)NS =0, ext(c)NT=0. Then ext(c)N{SUT)=9, and so SUT Y.

The set w is not small since, for every b € w, the set ext(b) Nw # @ since
b€ ext(b). |

Lemma 3.3. If (F;2) is a type of ® and a € w with min(c™1(F)) > o~ !(a) then
there is ag Ja such that ext(ag) COrb(F;z).

Proof. Choose an element ag € Orb(F;z) with 07 1(ag) > max(c~1(F)) and such
that Vi <max(c~1(F)):

a~a;, for0<i<o1(a),
ag ~o; iff 0, ¢ F for o7 Ya) < i < max(o™1(F)),
r~g;, foro,€F.

Due to the mapping extension property of the Rado graph there are infinitely many
such elements ag. Clearly ap Ja and b€ Orb(F;z) if bdag. ]
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Lemma 3.4. If SCw and ((F;;z;):1€w) is an w-sequence of pairwise disjoint types
of R such that

Vi € w (S N Orb(F;; x;) is small)
then Sef.

Proof. We can assume that the F; %@, otherwise S=S5NO0Orb(F;,z;)€F. Let a €w.
The types of the sequence ({F;;z;):1€w) are pairwise disjoint and hence there is

j €w such that mina'l(Fj) >0"1(a). Using Lemma 3.3 there is an ag Ja such that
ext(ag) C Orb(F};z;). The set SNOrb(Fj;x;) is small and hence there is a b ag
such that ext(b)N(SNOrb(F};x;)) =0. Because bJag and ext(ap) C Orb(F};x;)
also ext(b) COrb(F};x;), and hence ext(b)N(SNOrb(Fy;z;)) =ext(b)NS =0 and so
S is small. |

Corollary 3.5. If ACw and there are infinitely many vertices b € w for which the
set T(BYN A is small, or if there are infinitely many vertices b€w for which the set
A\T(b) is small, then the set A is small. ]

Lemma 3.6. For every large set L€ there are two large sets Lo, L1 €£ such that
Loy<s L1 and LgUL{CL.

Proof. Since L € £ there is an a € w such that for all b 3 a the set ext{(b)NL

is not empty. Let the vertices ag,ai,z € w be such that ¢~ 1(a;) > 0~ !(ag) >

o Y (z)=0"1(a)+1 and a1 Ja and apJa and a; ~z and ag#z. Such vertices a;
and ag exist because of the mapping extension property of the Rado graph. Then
Lo=ext{ag) <s L1 =ext{a;) and Lo, L; are both large. ]

Lemma 3.7. Let B be a finite set of large sets. Then there exists to each BER a
large set B' C B such that, for all A\B€® and all x € B', the sets A'NI'(z) and

A'\I'(z) are large.
Proof. For A, BEX let

Sap={reB:T(x)NAecd},
Tap={xeB:A-T(z)ef}

It follows from Corollary 3.5 that the set

S= |J (SaBUTaB)
A,BeR

is finite. Then, for each B € B, the set B'=B\ S is large, and for z € B’ the sets
A'NT{z) and A’\T['(z) are large. |
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4. The embedding construction

Let o = (0; : 1 € w) be a permutation of w and let Ry = (w;0,~,<,) be the
corresponding lexicographically ordered Rado graph. Suppose that 6§ = (§;;i € w)
is a subsequence of the sequence 0. We will then denote by <g the lexicographic
order of w generated by 8. Thus, if a,b€w, then a <gb holds if lex(a,§) <lex(b,8).
The subsequence 6 of o is an order preserving subsequence of ¢ if, for all 7, j €w
(6: <565 8;<q6;).

Let 7 be another permutation of w. Suppose that é is a subsequence of o and
that the function a:w—w given by Vi €w (am;)=46;) is a graph isomorphism, that
is Vi, j€w (ry~Tj & 8;~6;). It follows that the subsequence § is order preserving if
and only if the function « is order preserving, because Vi, j €w (7; < 7; & 6; <o 6;).

Lemma 4.1. Let R, and R, be lexicographically ordered Rado graphs. Then, for
every colouring f of the edges of F(<,) with colours 0 and 1, there exists a colour
€2 and an order preserving subsequence 6 of o such that:

(i) the function « given by «{7;)=4é; is an order preserving graph isomorphism;
(i) Vi, j€w (6i ~6; N6; <g 65 Ni<j— f({6;,65}) =4).

Proof. For /€2 and a €w define ['y(a)={b€ R:b~ana#bA f({b,a}) =1}, and for
A,BCuw let ¢;(A, B) denote the assertion

VA CAVYB'CB (A, B ef={acA :Tya)nB c¥f}c¥).

Note that ¢;(A,B) = ¢;(A’, B') whenever A’ C A and B’ C B are large. We write
¢ for the formula:

WeLW CU(VesL= A, BCV (A Bc¥AA<, BAd(A, B))).
Claim 1. If A, B are large then there is £€2 such that {a€ A:Ty(a)NBeL}eL.

Proof of Claim. Suppose that K ={a€ A:T'g(a)NB €L} cF. Since B is large, it
follows by Corollary 3.5 that S={a€ A:T'(a)nBeF}€F. Hence A1 =A\(KUS) €.
For a € Ay we have that I'(a)NB €£ and I'p(a)N B € F and hence I'1(¢)NB .
Therefore, AjC{a€ A:T1(a)NBefL} . ]

Claim 2. Either 1y or 11 holds.

Proof of Claim. —%)g implies that for any large set M there is a large subset N C M
such that
VX, YCN (X,)YeLANX <Y = -¢p(X,Y)).

In particular, for M =w there is a large set U such that the above holds with N=U.
Consider any large subset V CU. By Lemma 3.6 there are large sets 4, BCV such
that A<s B. Let A’C A and B’ C B be large. Then A’ <, B’. Letting A’, B’ play
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the role of X,Y in the sentence above, it follows that —¢g(A’,B’) holds. Hence
there are large sets A” C A’ and B” C B’ such that {a € A" :Ty(a)NB" €¥}cd.
Then {a € A” : T1(a) N B"” € £} € £ by Claim 1. This implies that the set

{a€ A":T1(a)N B’ € £} is also large. In other words, ¢1(A,B) holds. Since V
was an arbitrary large subset of U, this shows that 1 holds. 1

In view of the last claim, we may assume that g holds. We shall construct a
subsequence é = (6g,61,82,...) of 0=(00,01,02,...) such that
(0) the function a given by a(r;)=§; is an order preserving graph isomorphism,

that is T~ Ty -—>6.i~6j and 7; STTJ‘—HS,; SU(SJ',
(OO) Vi, jew (6; N6j N6 <4 6j ANi<j —+f({61,6]})) =0.

Let U be a large set which witnesses 9. We shall inductively define elements
6n € U and a finite set B, of large subsets of U. Let By = {U}. Suppose n €w
and that we have already defined B, and Y, ={§;:i <n} so that the conditions
(1)—(viii) below are satisfied. Let §™ be the sequence (8p,61,62,...,6,—1) and let
<, be the lexicographic order on w induced by the sequence 6™; that is a <, b if
lex(a,6™) <lex(b,6™).

{i) The sequence 8™ is a subsequence of the sequence o.

(ii) By, is a finite set of pairwise disjoint large subsets of U and min(c ~}(B))>
max(o~1(Y,,)) for each set B€B,. Also, for every type of the form (Yy;),
there is exactly one set B €3, such that B C Orb(Yy;z).

(iii) The set B, UY, is totally ordered under <, and <p, and these two orders
agree on B, UY,,.

(iv) The function oy, : {70,71,...,Tn—1} — {60,61,...,6n—1} given by a(r;) =6
is an order preserving graph isomorphism, that is 7; ~ 7; = 6; ~ §; and
TiSTTj=>6iSa‘Sj-

(v) Vi, jen (61"\‘5]' N <gd; /\i<j:>f({5i,6j})=0).

(vi) VA, Be€B, (A<s B=¢o(A,B)).

(vil) VBe By, VyeY, ({y}<s BAy~be B= f({y,b})=0).

(viil) VA, BeBn(A#BAac A=T(a)NBeLAB\T'(a) ).
Conditions (iv) and (v) give the desired conclusion that {0) and (0e) hold.

In order to proceed from step n to step n+1 we apply g to each B € B,
in place of V to obtain two large subsets Bg,Bj of B such that By <, By and

¢0(Bo, B1). Let '%%:%91,0 U‘%%,l’ where
%,'01’0 = {BO :Be€ %n}, ‘%g,l = {Bl . Be€ ‘%TL}

Note that B9 is finite and linearly ordered under <, and that whenever 4, B €39
with A <, B then ¢o(A,B). Apply Lemma 6 to the set B9 to obtain for each
Be BV a large set B' C B with the property that for all A,B €B0 and all z€ B
the sets T'(z)N A" and A'\T(z) are large. Put 53}1,1’ ={B': Be 53?1’1-} (i€2) and
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Bl = ﬁ,ll,o Uﬁ’}t,l' Note that the set BL is still linearly ordered under <, and

whenever A, B€3®} and A<, B, then ¢p(A4, B).

Let y € w be a vertex such that there is a graph isomorphism o :
{r0,71,--sTn-1,7n} — {60,61,...,6n-1,y} given by Vi € n (a(r) = &) and
a(m) = y. Such a vertex y € w exists because of the mapping extension
property of the Rado graph. Note that, for every z € Orb(Yy;y), the map

o {10,711, ,Tn=1,Tn} — {60,61,...,6p—1,2} given by Vi € n (&/(r;) = §;) and
o'(mp) =z is also a graph isomorphism.

Let C €%y be the unique set such that C COrb(Yy;y). For each i €2 there is
a unique set C] € 5371m' such that C/ C C and C} <, Cj. Since C] is a large subset
of U, it follows by o that there are two large sets X CC] and C] C Cj such that
X <, C{ and ¢o(X,C{), and hence there is a large subset X’ C X such that for all
ze X' the set [y(z)NCY .

If Ze (B 1\ {CH U{CT} with X' <5 Z and if T is a large subset of X'
then ¢¢(7,Z). Hence there is a large subset S C T such that for all s € S the
set To(s)NZ €£. The set B, | is finite and hence there is a large set X" C X’
such that for all Z € (53}%1 \{C}Hu{Cy} with X’ <, Z and all z € X" we have

Io(z)NZ € L. By Corollary 3.5 there are only finitely many z € w such that the
sequence (8p,61,...,0p—1,%) is not a subsequence of the sequence o or such that

C{\['(z) €£. Therefore, we can choose 6, € X" such that 61 =(6,61,...,6,-1,6n)
is a subsequence of o and such that C{\I'(6,) €£. Notice that, since C <, X <o C7,

Put B2 =%} ,, nl_(%’ \eh U{C} and B2 = B2UBZ. Note that

by the inductive hypothesis (viii), the construction of B2 and the choice of &,, we
have that

VB € B2y (B\T(6,) € L),
VB e B2, (T(6n)NBEY),
(3) VB e B2 ({6n} <o B=To(6n)NB ).
We are now ready to define the set $,41. Put
F={o;:i<o(6)},
Dpy1,0={B\(T(62) UF) : B € B3 },
Dn+11(<e) = {BNTo(é) \F: B € Bp1 AB <, {6n}},
Dni1,1(>5) ={BNTo(6p) \ F: B€ B2, AB >4 {62}},
(4) Brt+1 = Dnt1,0 U Dn11,1(<0) UDnt1,1(>0).
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Clearly all the elements of &,41 are subsets of U and they are large subsets
of U by (3). The set B4 is linearly ordered under <, and for all A,B € 841,
if A<s B, then ¢g(A,B). Let (Yn41;2) be a type of the Rado graph R = (w;~).
There is exactly one set B €%, such that

B C Orb(Yy; 2).

There are exactly two sets By, B} € 8,41 such that By, B] C B, and B, <, B}. Note
that 6y, is adjacent to no vertex in Bjj and is adjacent to every vertex in Bj. If the
vertex x is not adjacent to the vertex 6, then By is the unique set in $,,41 such that
B{ C Orb(Yy41;x), and if the vertex z is adjacent to the vertex &y, then B is the
unique set in Bp41 such that B] COrb(Y,,41;z). It is clear from the construction
that conditions (i), (ii), {(vi) and (viii) hold with n replaced by n+1. We have to
check that the remaining conditions also hold for n+1. By the construction there
are C€Bn, CHe B2 o, Cf € B2 | such that 6, €C and Cy<y {6} <o C}.

n’

(iii) Since é, was chosen as an element of one of the members of &y, it is
immediate from the induction hypothesis and the construction of the set B,41,
that Bp41UYn 41 is totally ordered under <,. To prove that (iii) holds for n+1,
we will prove that, whenever X, Y €8,,11UY, 11 are such that X <, Y holds, then
X <n+1Y. We distinguish several subsequences.

Case 1. y€ Y, 41 and B € Bp41. Because a <p b= a <np4+1 b and the elements
of Bp41 are subsets of elements of By, it follows that property (iii) holds for all
y €Y, and all B € B,,4+1. Hence we may assume that y = 6,. Suppose B Z C.
There is B* € $,, be such that B C B*. By the induction hypothesis, if C <, B*
then C <, B* and because &, € C, we get {6p} <n B. Similarly, if B* <, C then
B<n{6n}. Suppose BCC. Then either B=Cj or B=CY. In either subsequence,
since 6, €C, (lex(b,6™) =lex(6,,6™)) for all be B. If be Cy then &, ~b and ,~6p
and hence b<n416n. Thus B <p41{6n} if BCC{. If b€ CYy then ,~b, and so
lex(b,6™*1) is a proper extension of lex(6,,6™"1) which ends in a 1. This implies
that 6, <n41b and hence {6p} <p+1 B if BCCY.

Case 2. A, B€ $B,+1. Suppose A <, B holds. There are sets A*, B* € B, with
A C A* and B C B*. If A* # B*, then A* <, B* and hence A* <, B*. Since
a <p b implies a <,41b, it follows that A <p41 B. Suppose A* =B*=D. In this
case lex(a,é,) = lex(b,6™) holds for all a € A and b€ B. Since A <, B, it follows
that A€ D410 and BE€Dp41,1(<g)UDp41,1(>0). According to definition (3) the
vertex 6, is not adjacent to any vertex in A but adjacent to all vertices in B. This
implies that A <n41 B.

Case 8. a, b€Yy41. Assume that a <,b. If neither a,b is equal to é,, then by the
induction hypothesis a <p b, which implies a <, 431 b. Therefore, we may assume
that one of @ and b is 6,. Suppose a=6,, and b€ Y,,. Then a <, b implies C <, {b},
and hence C <, {b}. Therefore, a<nb and so a<p41b. Similarly if b=6,.
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(iv) It follows from the induction hypothesis and the choice of 6, that the
function an : {79, 71,-..,7n} — {60,61,...,6n} given by a(7;)=4; is a graph isomor-
phism. Also, if 4,j €n and 7; <, 7; then §; <, ¢; and hence é; <41 6;. It follows
that 6; <5 6; by (iii). Suppose i€n and 7; <r 7, then é; <n 8, because a is a graph
isomorphism. Therefore, 6; <p+16p and §; <g &y, by (iii). Similarly if 7; >, .

(v) We only have to check property (v) for the case when i €n, §; ~ 6, and
6; <& 6n. Since & <5 p, it follows that {§;} <, C. It then follows then from
property (vii) for n that f({é;,6n})=0.

(vii) Suppose that y €Yy, b€ BERB, 11, and that {y} <y B and y~b. There is
exactly one B* €%, with BC B*. Since b€ B* and {y} <, B* and y~b, it follows
from the induction hypothesis that f({y,b}) =0. Now assume that b€ B € B,41
and that {6,} <, B and 6, ~b. Then B € Dy111(>c) and hence from definition

(3) it follows that f{{6n,b})=0. 1

5. The results

Lemma 5.1. Let R, and R, be lexicographically ordered Rado graphs. Then there
exists a subsequence 6§ of o such that the function « given by «(r;)=46; is an order
reversing graph isomorphism, that is 7;~7; & 6;~6; and 7; <7 Tj & 6; >4 0;.

Proof. We will inductively construct three subsequences 6”,8,6 of the sequence &
as follows.

Put &) = 0g, 6, = o1 and, using the mapping extension property, choose for
8o some vertex in w such that &) # 8 A8~ o Ao~ () > 1. Now suppose that
n > 0 and that &, 6/ and &; have been chosen for i < n. Then choose 6, &,
to be the next two terms in o after §,_1, i.e. so that ¢=1(6!) =0~ 1(6,-1) +1,
o~ 1(6!)=0"1(6,_1)+2. Finally choose &, so that:

o H6n) > a71(8}),
Vi<n (6; ~ 6y &7 ~Tn),
Vi <n (8 ~ bn & 8 o bn),
Vi <n (6 ~ 6y &i=n),
Vi < 0'_1(6;) (O'j ¢ U{é;’,&:,cﬁz} = 0j % by).

i<n

By the mapping extension property of the Rado graph it is easy to see that there
is a vertex 6y, satisfying the above conditions.
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It is clear from the construction that the map a with a(r;) = §; is a graph
isomorphism, and hence 7; <; 7; & 8; <5 6;. It suffices therefore to prove that Vi,

JEwW (5; <§6j—>6i >a’6j). Assume §; <55j.

Case 1: m = min{l : 6; # 6, A6; ~ &} < min{i,j}. Then Vk < o~1(8%)
(6; ~ o & 8 ~ oy) but 6 ~ &, Ab; £ &y, because & £ &m AS; ~ 6m. Hence
6i>a6j.

Case 2: min{l:6; #6;A6;~6}=i<j. This is impossible since &; ~&;.

Case 3: i<jAVI<i (8;~6,¢8;~6). Then Vk<o~1(8l]) (6;~0op & 6;~0).
But 6;~6; Ab; 6., and hence §; > §;.

Case 4: j=min{l:6; £ 6 A6;~&} <i. Then \7’k<a_1(6;-’) (6~ o & 65~0%)
but 6i~63-'/\6j746;' because 6; 94 6; A6;~6;. Hence §;>46;. ]

Theorem 5.2. Let R, and R, be lexicographically ordered Rado graphs, and let
r€w. Then

(5) Ro — (Re)7
and
(6) Ro — (Re)7

Proof. It is clearly enough to prove the theorem for the case r=2. In this case (5)
is then immediate from Lemma 7. We shall derive (6) for r=2 from this.

Let f:Ex(>)—2 be any 2-colouring. We will show that there are £€2 and an
increasing map ¥:w — w such that the map ; = 0(i) is an embedding of £, into

R such that
Vi,jew ((<jAT~Ti AT > 1= f({oga) o9)}) = 0).
By Lemma 5.1 there is an increasing map o :w— w such that the map o;— Ouli)
is an order reversing graph isomorphism of R, into itself, i.e.
Vi, je€w [(0i ~ 05 & 0 ~ 0a(j)) N (05 <o 05 & 0g() >0 Ta(j))])-
Let f* be the 2-colouring of E, (<) defined by
f*(o1,05) = f({0ag) Tagi)})

for i< j and 0; <y 0;. By (5), there are £€2 and an increasing map B:w—w such
that

Vi,j €w [(ri ~ 7 @ o) ~ 0p(7) A (Ti <r T © 0p3) <o ag(5))];

and
Vi,jew (@B<jAT~ TiNT <o Tj = f*(aﬁ(i),aﬂ(j)) ={).



EDGE PARTITIONS OF THE RADO GRAPH 519

By Lemma 5.1 again, there is an increasing map 7 :w — w such toat the map

Ti= Ty (;) 18 an order reversing graph isomorphism of R; into itself, i.e.

Vi,j € w (i~ T & o) ~ Ty) A (T <o TS Ty >1 o))

Put ¥ =aofBo~. Clearly ¥ is an order preserving graph isomorphism of &,
into R4 since

Vi, g € w (Ti ~ T S Ty(i) ~ To() B Tp(() ~ TB4()) F T9() ~ T9G))
and whenever 7 <j
Ti ST TS Ty) 27 Ty(i) € B(() Zo TB(x(7) T T9(i) <o T8()-

Now suppose that i < j, 7, ~7; and 7; >7 7;. Then To(i) ™ Ty(5) and To(d) <7 Ty(j)
and so f*(0g(1(:))>98(y(4))) =¢> and hence f({oy(;),09(;)})) =¢. 1

Theorem 5.3. Let f:[w]?> —r €w be an r-colouring of the pairs of vertices of the
Rado graph & on w. Then there is an increasing map o :w —w such that R|a(w)

is an induced copy of R and |f([a(w)]?)| < 4.

Proof. The set of vertices of & is w and hence & can be viewed as a lexicographically
ordered Rado graph with the natural ordering of the vertices. It follows from
Theorem 5.2 that there is an order preserving isomorphic copy of & in itself in
which the edges have at most two colours. Also, since the graph obtained from the
Rado graph by interchanging edges and non-edges is also a Rado graph, it follows
that there is an order preserving isomorphic copy of & in itself in which the edges
have at most two colours and the non-edges also have at most two colours. [ |

It follows from Theorem 5.2 that for every coloured Rado graph & € R, there
is a basic coloured Rado graph # which embeds into £ and by Lemma 4.1 any
two basic coloured Rado graphs which use the same set of colours are equimorphic.
According to [4] no coloured Rado graph whose edges are coloured with only one
colour can be embedded into a basic coloured Rado graph which uses two different
colours. Of course two basic coloured Rado graphs which use a different set of
colours can not be embedded into each other. Hence we can conclude with the
following theorem.

Choose for every r € w and every pair (cg,c1) €72 with ¢p <c; a (cg, c1)-coloured
basic Rado graph 53((30751) and put B, = {.93’(60’61) :(co,c1) €r? Acg< ey}

Theorem 5.4. The set B, is a Ramsey basis of the set R,. I
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